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　Notations.　We shall consider finite group only and denote by Ｇ. Ｇ' or £)(G), Z(G) and
F(G) denote the commutator subgroup, the centre and the Fitting subgroup of Ｇ respectively.
(Å，召)of fwo subgroups Ａ･召of Ｇ denotes the subgroup generated by all the commutators
ａｈａ‾1&‾l whereαＥ左占日召.(Z〉(G) denotes the Frattini-subgroup of Ｇ，∠KG) the intersection
of all the maximal and not normal subgroups of Ｇ;　/li(G) the intersection of all the ｎ!aximal
and normal subgroups of Ｇ.〔Ｇ:Ｈ〕denotes the index of subgroup Ｈ of Ｇ， JV(H) the
normalizer of subgroup Ｈ in Ｇ.
　Theorem １. Ｈ(Ｇ≒Ｇ″)iｓ contained in の(G). then　Ｇにis nilpotent and conversely.
Proof. We shall prove by induction on the order of Ｇ. If ψ(Ｇ)･'IG″≒ε，tｈｅｎＧ’Ｍ>(Ｇ)ｎＧ″
is nilpotent by induction. Hence G' is nilpotent by Gaschiitz's tｈｅｏrｅｍ２).・If ψ(Ｇ)ｎＧ″＝ら
then Ｇ″ is contained in Ｚ(び). From Ｚ(び)ｎＧ″⊆(1)(び) andの(び)£</XG). follows
Ｇ″こψ(Ｇ).ＨｅｎｃｅＧ″=e and so Ｇ卜s abelian.
　Remark.　If A and召are two subgroups of Ｇ， then (ん召)旦J(Ｇ)is equivalent to (ん
召)辰がG)
･ Because　if(ん召)Ξj(Ｇ)，tｈｅｎ(ん召)Ξj(Ｇ)∩びΞj(Ｇ)nj1(Ｇ)＝の(G).
の(,Ｇ)Ξj(Ｇ)，sｏ the converse is clear. So we shall use (ん召)Ξψ(Ｇ)instｅａｄ of (ん団£
∠Kg).
　Collorary 1. If (G.び)is contained in ψ(Ｇ)，tｈｅｎＧ is nilpotent and conversely.
　Proof. We shall prove by the same way as proved in Theorem １.
　Collorary 2.　Let M be ａ maximal subgroup of Ｇ.　If (Ｍ＞Ｇ’)is contained in φ(Ｇ)，
then Ｇ卜s nilpotent.
　Proof. From (Ｍ，　Ｇ’＼)£=Ｍ．ｇ’ｍが‾‰r'GM for any g ^G and in^M and so ｇ‰z／‾１
ｅＭ.　Ｎ(M) contains M andび> so Ｍ is normal and Ｍ⊇び. From Ｇ″辰(Ｍ，Ｇ’) where
Ｇ″ is the derived group of Ｇ≒Ｇ″Ξ･Z)(Ｇ)ａｎｄ so びis nilpotent by Huppert's theorem".
　Lemma 1. If ｙ is normal subgroup of Ｇ and ゆ(Ｇ)∩Ｇ’⊆ＮこΦ(G). then Ｚ(Ｇ/Ｎ)＝
∠1(Ｇ/Ｎ).
　Proof.　Since jl(Ｇ/Ｎ)こ£)(ＧﾉＮ)，foｒ ｇ＊＆Ｇ/Ｎ，　ａ＊Ej(Ｇ/Ｎ)，α＊ｇ＊α＊-1g＊‘｀ＥＤ(Ｇ/Ｎ)
n//i(Ｇ/Ｎ)∩∠1(Ｇ/Ｎ)＝びＮｎ゛の(Ｇ)/N holds. For arbitrary　ヱ∈（ｙｎの(G). we put
jz;゜ｇ‰with g'^G', neiVthen g'=xn'^G'∩φ(Ｇ)ａｎｄ so x^N. Hence G'N n 0 (G)
三尺 While G'Nf)の(Ｇ)ユＭ so びｙｎ･Z)(Ｇ)＝ｙ holds. Thus we have a*g*=g*a* and
so j(Ｇ/Ｎ)ΞＺ(Ｇ/Ｎ). While j(Ｇ/Ｎ)ΞＺ(Ｇ/Ｎ)sｏ we have j(Ｇ/Ｎ)＝Ｚ(Ｇ/Ｎ).
n See C2〕,p. 413.　2( See〔1〕, p. 165
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　Theorem 2. If the commutator subgroup びof G is nilpotent, then Fitting subgroup
Ｆ(Ｇ)＝Ｇへ∠l(Ｇ)．Ｈψ(Ｇ)∩び＝ら　then FCG) =びＸＺ(Ｇ).
　Proof.　φ(ＧﾉΦ(Ｇ))　is unit and　£)(GZΦ(G)) is nilpotent, hence　Ｆ(Ｇ/の(Ｇ))＝
£)(G/φ(Ｇ))ＸＺ(GZφ(G)) holds". Sinceの(Ｇ/の(G)) is unit, ZiGlΦ(Ｇ))＝ｊ(GZΦ(Ｇ)).
Since Ｆ(Ｇ/ゆ(Ｇ))＝Ｆ(Ｇ)/ψ(Ｇ)ａｎｄ ｊ(ＧﾉΦ(Ｇ))＝j(Ｇ)/の(G). we have F(.G)=G'・∠d(G).
　Fron！　び.∩の(Ｇ)＝びnA(G), follows　ＦＺΦ(Ｇ)∩び＝び／の(Ｇ)ｎＧ'ＸＺ(ＧﾉΦ(Ｇ)∩び)
by Lemma １.　Ifの(Ｇ)∩(ブ= e, then Ｆ(Ｇ)＝びＸＺ(Ｇ).　　　゛
　Theorem ３. 1£　Ｇ/N is supersolvable and any 6f the following conditions holds, then Ｇ
is supersolvable.
　　　　(i)ＮこＺ(Ｇ)
　　　　(ii) (Ｇ，Ｎ)瓜の(Ｇ)
　　　　(iii) (ブｎＮ⊆∠1(Ｇ)
　Proof, (i) Let　Ｇ/Ｎ⊃Gi/Ｎ⊃…⊃Ｇｒ/Ｎ＝Ｎ/Ｎ　ａｎｄ　Ｎ⊃皿⊃況⊃…⊃Ne= e are
normal series with every Gi/GiキV　ａnd ＮｓlNi．x ａ児･Cyclic. Since every Nj is normal in
Ｇ， Ｇ⊃G1⊃…⊃Ｇｒ⊃Ｍ⊃‥･⊃Ns = e is ａ normal series with cyclic factor groups, and so Ｇ
is supersolvjible.
　(ii) We shall prove by induction on the order of G. If ･Z〉(Ｇ)ｎＮ≒e, then by induction
ＧＺΦ(Ｇ)ｎＮ　Vｓsupersolvable and so G is supersolvable by Huppert's theorem'". Ifの(Ｇ)ｎｙ
＝６ then (Ｇ.Ｎ) =e and so N£.Z(G)- From (i) G is s叩ersplvable.
　(iii) From (Ｇ.Ｎ)£G' n N follows (Ｇ，Ｎ)瓜j(Ｇ).(Ｇ＞Ｎ)Ξj(Ｇ)is equivalent to
(Ｃ,Ｎ)三の(G) and so G is supersolvable by GO.
　Lemma ２. Ｈ Ｇ is supersolvable and Sylow p-subgroup Ｓ of Ｇ is not normal, then there
exists ａ prime pi dividing the order of Ｇ ａｎｄ八万゜万1(mod夕).
　Proof. Since　Ｇヘタ　is normal･gsg"-'°ずざがフ'･with　ｇＥＧ，ずＥＧ≒　end so we have
Ｇ＝Ｇ″・N(S). Let M be ａ maximal subgroup of G containing N(S), then Ｇ＝び･M.
By the third Sylow theorem･〔ｇ; ｎ(,Ｓ)〕= 1 (mod p),〔M; N(S)〕=1 (mod p). Hence
〔Ｇ＼　Ｍ〕=1 (mod p). Since Ｇ is supersolvable and M is maximal, the index of Af is a
prime and 〔Ｇ；Ｍ〕＝〔Ｇ≒びｎＭ〕，〔Ｇ｀･Ｍ〕is a primeか　dividing the order of　び　and
sｏ九三1(ｍｏｄ夕)●　　　　　　　　　　　　　　　　　　　　　　-･
　Theorem 4. Let　ｇ＝が1μ゛2…戸7i゛　where　屈＞夕2＞…鳶l　are primes, be the order of
supersolvable group　Ｇ， y４ the largest prime dividing the order of　Ｇ≒　Si Sylow戸j―sub-
group of G. Then　Si, 52,…, 5* are normal in ，Ｇand　Su 52.…, Sic-l　are contained　in
z(.g:>.
　Proof. If St is not normal.止ere exists a prime pi dividing the order of Ｇ':and pi=＼
(ｍｏｄ八)bｙ Lemma ２. So we must have夕ｔ≧戸z＞夕ｆand so it follows that Si! 52.…,５１ is
3) See〔3〕, p. 146.　4) See〔2〕, p. 418.
91
normal. Let　Ａ be ａ complement subgroup of　5iX52×…ＳＩ一ｂ　then　ＡΞびand so Ｇ＝
5iX52×‥･x5*-i×A. Hence Ｓ１×‥･X5a:-1 is contained in Ｚ(Ｇ).
　CoUorary 3. If　G is supersolvable and the order of　G' is 夕" where夕is the smallest
prime dividing the order of Ｇ， then G is nilpotent.
　Proof. By Theorem ４ every　Sylow subgroup　of　G is normal and　so　Ｇ　is nilpotent.
　Theorem ５. G is nilpotent if, and only if, for an　arbitrary　i, the　i-th Reidemeister
commutator group Ri is contained in ゆ(Ｇ).
　Proof.　Let G=Ro, (G,Rj:〉＝尺UX. If G is nilpotent, then　ゆ(Ｇ)ユG' and G'RRi,
f≧1, hence Ｒｔ⊆Φ(G). Conversely if 祐旦の(G), then Ｇ is nilpotent for i=＼. Let i＞1
and Ri=(G,Rt-i), Rt^Rt-i.　　Ｔｈｅｎ(Ｇ，Ｒｉ一1)こゆ(Ｇ)∩祐-1こRi-１　and hence　祐一1/(1〉(ψ)
∩祐-1辰Ｚ(ＧﾉΦ(Ｇ)∩祐一i) holds. From Ｚ(ＧﾉΦ(Ｇ)∩凡-1)∩£)(Ｇｉｌ〉(Ｇ)ｎＲ,-1)Ξ〈1〉(ＧﾉΦ
(Ｇ)∩7?i-i). we Lave 柘-1旦の(G). Repeating this, we shall get 祐この(G) and so Ｇ is
nilpotent.
　Collorary 4. Let　Ｇ/N be nilpotent. Then Ｇ is nilpotent if, and only if, any of the
following conditions holds.
　　　　(0 (Ｇ,Ｎ)三の(Ｇ)
　　　　GOびｎＮ⊆ｊ(Ｇ)
　Proof, (i) Let (Ｇ，Ｎ)Ξの(G) and Ｇ＝Ｒ。(Ｃｔ）Ｈ-ｏ)＝祐，…,(Gi柘-1)≒RI一ｂ　(Ｇ, Ｒｉ)＝祐.
Since G/N is nilpotent,几三N holds and so 祐Ξ(Ｇ,Ｎ). Hence Ｒｔ⊇Φ(G) and so Ｇ is
　　　　　　　　　　　　　　　　　　　　　　　　　ゝ
nilpotent by Theorem 5. Conversely if G is nilpotent, then Ｇ'三の(Ｇ)ａｎｄ(Ｇ,Ｎ)三Ｇ≒
hence (Ｇ,Ｎ)⊆Φ(Ｇ)｡
　GO IfびｎＮΞ∠1(Ｇ)，tｈｅｎ(ｙｎＮ⊆∠1(Ｇ)∩G'. Since G/N is nilpotent, 祐三Ｎ and
ＳＯ瓦こびnN.　Hence
Ｒｉ£ ４Ｇｎびand so Ｒ４⊆Φ(G). By Theorem ５，G is nilpotent.
Conversely if G is nilpotent, then びΞの(G) and so びｎＮ⊆Φ(Ｇ)口び. Fromの(Ｇ)ｎ
Ｇ'＝Ｊ(Ｇ)∩(:ｙ we have G'njV£∠KG).
　Theorem ６. Let　Ａ･f and　尺be two different maximal subgroup of G. If (Ｍ．Ｋ)iｓ
contained in φ(G), then Ｇ is nilpotent.
　Proof.χNe shall prove by induction on the order of Ｇ. From (Ｍ，Ｋ)⊆Ｍ，ｍｋｍ-lゐ-1
eM for any
7刀of M and k oi
K and so ｆｅｉＴｌ‾｀いＥＭ.Ｈｅｎｃｅ　Ｎ(Ｍ)ｃｏｎtａｉｎs尺andso
λf is normal in G. Similarly尺is normal.
　Ｈ　a)(G)nG'≒e, then Ｇ/ゆ(Ｇ)ｎＧ ´ is nilpotent by induction and so Ｇ is nilpotent.
lfの(G)nG'=e, then (M,K)=e and so Ｍｎ尺ΞＺ(Ｇ)．Ｍ and 尺are maximal and
normal in Ｇ， ＳＯＭｎ尺3.G'. Hence G'^ZiG). From Z(G)nG'£<Z)(G), G'£･2)(Ｇ)
holds and so Ｇ is nilpotent.
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